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T.J. CHRISTIANSEN 

Abstract. The purpose of this paper is to give some refined resuhs about the 
distribution of resonances in potential scattering. We use techniques and results 
from one and several complex variables, including properties of functions of com- 
pletely regular growth. This enables us to find asymptotics for the distribution of 
resonances in sectors for certain potentials and for certain families of potentials. 



1. Introduction 

The purpose of this paper is to prove some results about the distribution of reso- 
nances in potential scattering. In particular, we study the distribution of resonances 
in sectors and give asymptotics of the "expected value" of the number of resonances 
in certain settings. 

More precisely, we consider the operator —A + V, where V G L^j^p(M'^) and A 
is the (non-positive) Laplacian. Then, except for a finite number of values of A, 
i?y(A) = (—A + V — A^)"\ ImA > 0, is a bounded operator on L^(M'^) for A in the 
upper half plane. When d is odd and x ^ -^mmp(^'^) satisfies = V, x^vWx 
has a meromorphic continuation to the lower half plane. The poles of xRvWx ^''^^ 
called resonances, and are independent of choice of x satisfying these hypotheses. 
Resonances are analogous to eigenvalues not only in their appearance as poles of the 
resolvent, but also because they appear in trace formulas much as eigenvalues do 
[B El [12] . Physically, they may be thought of as corresponding to decaying waves. 

Let ny(r) denote the number of resonances of —A + V, counted with multiplicity, 
with norm at most r. When d = 1, asymptotics of nylr) are known: 

lim ^ = — diam(supp(V^)) 

r^oo r 71 

[T9] : see also O [151 [17]. Moreover, "most" of the resonances occur in sectors about 
the real axis, in the sense that for any e > 0, 

#{A,- pole of -Ry(A) : I argAo — vrl < e or I argA,- — 27r| < e| 2 . 
lim — — = — diam(supp(\/ )), 

r— >-co r 71 

[5]. These results are valid for complex- valued V. The case d = 1 is exceptional, 

though: in higher dimensions much less is known. 
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Now we turn to d > 3 odd, where the question is more subtle, li V E L°°(M'^) has 
support in B{0, a) = {x eM.'^ : \x\ < a}, then 

ny(t) -ny(0) ,^ / „ dd 



(1.1) d ''^ ' dt<Cda''r^ + o{r''). 

Jo ^ 

where Cd is defined in (13. 5 p and depends only on the dimension. Zworski [21] showed 
that such a bound holds, and Stefanov [18] identified the optimal constant. There are 
examples for which equality holds in (II. ip . [201 [18] . Lower bounds have proved more 
elusive. The current best known general quantitative lower bound is for non-trivial 
real-valued V E 



;i.2) lim sup > 



[16] . On the other hand, there are nontrivial complex- valued potentials V for which 
xRvWx has no poles, [3]. 

We wish to single out the set for which asymptotics actually hold in (11.11) . This is 
the set defined, for a > 0, as 
(1.3) 

ma = {V e L°°(M^) : supp V C 5(0, a) and nv{r) = Caa'^r'^ + o(r'^) as r ^ oo}. 

We remark that it is equivalent to require, as r — > oo, nv{r) = Caa'^r'^ + o(r'^) or 
d Jq t^^{nY{t) — ny(0)) dt = Cdtt'^r'^ + o{r'^). The set Wla contains infinitely many 
radial potentials. By results of [201 CH], this set contains any potential of the form 
V{x) = v{\x\), where v G C^([0,a]) is real-valued, v{a) ^ 0, and V{x) = for 
|x| > a. Additionally, it contains infinitely many complex- valued potentials which 
are isoresonant with these real- valued radial potentials [1]. 

We now can state some results. For the first, we set, for if < 6, nv{r,ip,6) to be 
the set of poles of i?v/(A), counted with multiplicity, with norm at most r and with 
argument between if and 6 inclusive. 

Proposition 1.1. Let V E Ma- Then, if0<ip<9<7r, 

nv{r, 71 + 1^,11 + 9) = ^— Sd(v9, 6)r'^a''- + o{r'^) as r oo 

where 

U^, 6) = h'M - h',{ip) + d^ / hd{s)ds, 

J cp 

and hd{9) is as defined in ^3.4\} . 

If V is real-valued, then Aq is a resonance of —A + V ii and only if — Aq is a 
resonance. In this case for V E 971^ and < 6' < vr 



:i.4) nv{r,Ti,Ti + e) = ^ 

Zna 



h'aie) + d^ / hd{s)ds 



aV + o(r''). 
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Here, as elsewhere in this paper, we are concerned with the behavior as r — )■ oo. Thus, 
one should understand that statements of the type /(r) = g{r) + o(r^) are statements 
which hold for r sufficiently large. 

Corollary 11.41 shows that (11. 4p holds for any V G DJla ■ These results show that any 
potential in DJta must have resonances distributed regularly in sectors, as well as being 
distributed regularly in balls centered at the origin. A result like this proposition and 
Corollary [L31 is, for the special potentials of the form V{x) = mentioned earlier, 

implicit in the papers of Zworski [20] and Stefanov [18] . Here we derive it as a corollary 
of some complex-analytic results, and note that it holds for any potential V G DJla- 
We note that this proposition could, in fact, follow as a corollary to Theorem 11.31 
However, we prefer to give a separate proof that uses standard results for functions 
of completely regular growth. 

In the following theorem we use the notation A'^v'('") = Jq \i''^vit) — nv{0))dt. 
This theorem shows that there are many potentials for which something close to the 
optimal upper bound on the resonances is achieved. 

Theorem 1.2. Let Q G be an open connected set. Suppose V{z) = V{z,x) is 
holomorphic in z G Q and, for each z G V{z,x) G L°°{M.'^), and V{z,x) = if 
\x\ > a. Suppose in addition that for some zq G Q, V{zo) G VJla- Then there is a 
pluripolar set E G Q so that 

lim sup 2 — 1 /^'^ alt z G \l \ h. 

Moreover, for any 6 > 0, 6 < ir , there is a pluripolar set Eg so that 



Nv(z){r,7i,7i + 



a 



d 



lim sup — — '—T^ > lim z^h'Je) 



for all z G Q \ Eg 



For example, one may take, for z G C, V{z) = zV\ + (1 — -z)Vo, where Vq G 97ta and 
V\ G L°°(]R'^) has support in i?(0,a). Since /irf(0+) = lim4o^d(e) > 0, see Lemma 
13. 3[ the second statement of the theorem is meaningful. This result is of particular 
interest since resonances near the real axis are considered the more physically relevant 
ones. 

We recall the definition of a pluripolar set in Section |2l Here we mention that a 
pluripolar set is small. A pluripolar set E G has Lebesgue measure 0, and 
if C C is pluripolar, fl M has one-dimensional Lebesgue measure ( see, for 
example, [lOl [H]). Thus the statements of Theorem 11.21 hold for "most" values of 
z G ^l. 

If we take a weighted average over a family of potentials, a kind of expected value, 
we are able to find asymptotics analogous to those which hold for a potential in DJta- 
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In the statement of the next theorem and later in the paper, we use the notation 
dC{z) = dKe zidlmzi ■ ■ ■ dKe Zpd Im Zp. 

Theorem 1.3. Suppose the hypotheses of Theorem are satisfied. Then for any 

f ij{z)nv(,){r)dC{z) = caa^r" [ ^{z)dC{z) + o{r'') 
Jn Jn 
as r oo. Additionally, we have, for < (f < 6 < tt , 

ij{z)nvi,){r, ^ + 71,9 + 7i)dC{z) = ^U^, Oy^a" ! ij{z)dC{z) + air") 

where Sa is as defined in Proposition \l.l[ Moreover, for < 6 < tt , 



n 



'4'{z)nv{z){r, 71,9 + 7i)dC{z) 



27id 



r 

h'a{9) + d^ hdis)ds 
Jo 



a'^r'^ / ^{z)dC{z)+o{r'^). 
Jn 



Corollary 1.4. Let V G Ma- For any < 9 < 7i, 

1 



:i.5) 



nv{r, 7T,9 + 7r) 



and, for any < ip < 7i, 
(1.6) nv{r, (f + 7T,27r) 



27xd 



27id 



h'^{9) + d' / hd{s)ds 





-h'^{ip) + d^ I hd{s)ds 

J ip 



as r —)■ oo. 



This corollary follows from Theorem 11.31 by taking V{z) equal to the constant (in 
z) potential V . We could instead give a more direct proof by, essentially, simplifying 
the proof of Proposition 15.31 and then applying Lemma 15.41 

It is worth noting that the coefficients of r'^ in fll.5p and (11.61) are positive, so 
that in any sector in the lower half plane which touches the real axis, the number of 
resonances grows like r'^. 

The proofs of the results here are possible because of the optimal upper bounds 
on lim sup^_^oo r"*^ In | det S'\/(re*^)|, Q < 9 < 7i , proved in [18], see Theorem 13.21 here. 
These, combined with some one-dimensional complex analysis, are used to prove 
Proposition 11.11 and could be used to give a direct proof of Corollary 11.41 The proofs 
of the other theorems use, in addition to one-dimensional complex analysis, some 
facts about plurisubharmonic functions. Many of the complex-analytic results which 
we shall use are recalled in Section [2l 

Again, we emphasize that we are concerned here with large r behavior of resonance 
counting functions, and consequently of other functions as well. Thus, statements of 
the type /(r) = g{r) + o{r^) are to be understood as holding for large values of r. 
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2. Some complex analysis 

In this section we recall some definitions and results from complex analysis in one 
and several variables. We will mostly follow the notation and conventions of [TT] and 



|10] . We also prove a result, Proposition 12.21 for which we are unaware of a proof in 
the literature. 

The upper relative measure of a set E G M+ is 

measf-E fl (0, r)) 
lim sup . 

A set C M+ is said to have zero relative measure if it has upper relative measure 0. 

If / is a function holomorphic in the sector ip < a.Tgz < 6, we shall say / is of 
order p if lim sup^^j.^^ inin(maxy,<^<fl |/(re )|) _ ^ shall further restrict ourselves to 
functions of order p and finite type, so that 

ln(max^<^<9 |/(re^<^)|) 
hm sup ^—^ < oo. 

rP 

We shall use similar definitions for a function holomorphic in a neighborhood of a 
closed sector. In this section only, we shall, following Levin [TT], use the notation hf 
for the indicator function (or indicator) of a function / of order p: 



hf{e) = lim sup (r-Hn \f{re'^)\) . 

r— >oo 



Suppose / is a function analytic in the angle (6^1, 6^2) and of order p and finite type 
there. The function / is of completely regular growth on some set of rays -Rgjt (2^ is 
the set of values of 6) if the function 

, (n. def ln|/(re-^)| 

converges uniformly to hf{6) for ^ G 9Jt when r goes to infinity taking on all positive 
values except possibly for a set E<xn of zero relative measure. The function / is of 
completely regular growth in the angle {61, 62) if it is of completely regular growth on 
every closed interior angle. 

Functions of completely regular growth have zeros that are rather regularly dis- 
tributed. For a function / holomorphic in {z : 61 < aigz < 62} we define, for 



6 



T.J. CHRISTIANSEN 



di < ip < 9 < 62, 'mj{r,(p,9) to be the number of zeros of f{z) in the sector 
Lf < argz < ^, l^l < r. □ We recall the following theorem from 



Theorem 2.1. [11, Chapter III, Theorem 3] If a holomorphic function f{z) of order 
d and finite type has completely regular growth within an angle {61,62), then for all 
values of (f and 6, (61 < ip < 6 < 62 ) except possibly for a denumerable set, the 
following limit will exist: 



where 



Sf{Lp,6) 



h'f{6) - h'fiif) + d' / hf{s)ds 



The exceptional denumerable set can only consist of points for which h'f{6 + 0) 7^ 
h){6-Q). 

In the following proposition we use the notation mf{r) to denote the number of 
zeros of a function /, counted with multiplicity, with norm at most r. It is likely that 
some of the hypotheses included here could be relaxed. However, when we apply this 
proposition, / will be the determinant of the scattering matrix, perhaps multiplied 
by a rational function, and many of these hypotheses are natural in such applications. 

Let f{z) be a function meromorphic on C. Then f{z) = gi{z)/g2{z), with gi, g2 
entire. The functions gi and g2 are not uniquely determined. However, the order of 
/ can be defined to be 

min{max(order of gi, order of g2)'- f{z) = gi{z) / g2{z) with gi, g2 entire}. 

It is possible to define the order of a meromorphic function by using the Nevanlinna 
characteristic function, yielding the same result. 

Proposition 2.2. Let f be a function meromorphic in the complex plane, with neither 
zeros nor poles on the real line. Suppose all the zeros of f lie in the open upper half 
plane, and all the poles in the open lower half plane. Furthermore, assume f is of 
order d > 1, hf is finite for < 6 < n, and hf{6Q) ^ for some 6q, < 6q < ti. 
Suppose in addition 

(2.1) [ ^jj^dt = o(r^) asr^ ±00, 



m 

and the number of poles of f with norm at most r is of order at most d. If 

lim inf = ± rhj{6)d6, 

then f is of completely regular growth in the angle (0,7r). 

"'^More standard notation would be n(r, ip, 6), but we have already defined nv{r, ip, 0) to be some- 
thing else. 
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Before proving the proposition, we note that Govorov [71 18] has studied the issue 
of completely regular growth of functions holomorphic in an angle. This is discussed 
in [m Appendix VIII, section 2]. This is somewhat different than what we consider, 
since we use the assumption that / is meromorphic and of order d on the plane. Thus 
Govorov uses different restrictions on the distribution of the zeros of /. 

Proof. The proof of this proposition follows in outline the proof of the analogous 
theorem for entire functions in the plane, [HI Chapter IV, Theorem 3]. Rather than 
using Jensen's theorem, though, it uses the equality 

[ - T. 1 7 /; fH''^* -h['^ l/f-'")!^" 

if 1/(0)1 = 1, which follows using the proof of [51 Lemma 6.1]. 
By [m Property (4), Chapter I, section 12], 

(2.3) lim inf < lim inf dr"'^ f "^dt. 

r^oo r r— >oo t 

We note [HI Chapter I, Theorem 28] that for any e > there is an i? > so that 

(2.4) r'-^ln \f{re'%\ < hf{e) + e, for r > i?, < ^ < vr. 

Using this, (12. 2p . and our assumptions on the behavior of / on the real axis, we see 
that 

hm sup r-^ r "^^^dt < — r hf{e)de. 

Combining this with (12. 3 p and using our assumptions on mf{r), we get 
lim r--^ r "^^dt = — r hf{9)d9. 

r^oo t 271 Jq 

Thus using (12. 2p and (12.11) again, we have 

lim / [hf{e)-r-'^\n\f{re''^)\]de = 0, 

and, using (12. 4p . 

lim / \hf{9) -r~Hn\f{re''^)\\d9 = 0. 

Since we have assumed / is of order d, we may write / as the quotient of two entire 
functions, each of order at most d. Then we may apply [HI Chapter 2, Theorem 7] 
to find that for every 77 > there is a set E"^ of positive numbers of upper relative 
measure less than rj so that if r ^ E^^, the family of functions of 6, 

hf,.{9)''^'r-'\n\f{re'')\, 

is equicontinuous in the angle 0<eo<6'<7r — cq- 

Given 77 > and e > we can, by the above result, find a 5 > with (6^1 —6,62+6) C 
(0, vr) and a set E^f of upper relative measure at most rj so that if G (^i, 62), r ^ Erj, 
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and Iv? - 6'| < 6, then \hf^r{0) - /i/,r(v^)| < e/4 and \hf{9) - hf{ip)\ < e/4. Then for 
< |A;| < 5, r ^ E^, 

1 /-e+k 

- hf{e)\ <e/2 + - \hf,.{^) - hf{^)\d^ 
<e/2 + ^^ \hf,iip)-hf{ip)\dip. 

Since the integral goes to as r — > oo, we have shown that for r > r^, r ^ E^j, 
\hf^r{0) ~ hf{9)\ < e. Since 77 > and e > are arbitrary, we have, by [HI Chapter 
III, Lemma 1], / is of completely regular growth in (^1,^2)- D 

We shall also need some basics about plurisubharmonic functions and pluripolar 
sets. We use notation as in [10] and refer the reader to this reference for more details. 

Let r2 C be an open connected set. A function \1/ : — t- [—00, 00) is said to be 
plurisubharmonic if \1/ ^ — 00, \1/ is upper semi- continuous, and 

^(2) <— [ ^(^ + wre''^)d9 
27r Jo 

for all w, r such that z + uw C Q for all m G C, \u\ < r. The classic example 
of a plurisubharmonic function is ln|/(2;)|, where f{z) is holomorphic. A subset 
-E C C is said to be pluripolar if there is a function \1/ plurisubharmonic on Q 
so that E C {z : ip{z) = —00}. 

For the convenience of the reader, we recall [TOl Proposition 1.39], which is the 
main additional fact from several complex variables which we shall need. 

Proposition 2.3. ( [101 Prop. 1.39]^ Let {^E'g} be a sequence of plurisubharmonic 
functions uniformly bounded above on compact subsets in an open connected set 
Q C C^, with lim sup^^o^ < and suppose that there exist ^ & Q such that 
limsupg^o^ = 0. Then A = {z E Q : limsup^^o^ < 0} is pluripolar in Q. 



3. The functions sy(A) = det5'y(A) and hd{9) 

For V e L-^p(M'^) and x e L^mplK'^) with xV = V, we have xRv{\)x = 
xRoWxi^ + V RoWx)~^ ■ Since for any x with compact support in M"^, ||xi?o(A)x|| < 
^x/l-^l when ImA > 0, we see that -Rv^(A) can have only finitely many poles in the 
closed upper half plane. 

For V G L^j^p(M°'), let Sv{\) be the associated scattering matrix and sy(A) = 
detS'\/(A). With at most finitely many exceptions, the poles of sy(A) coincide with 
the poles of -Ry(A), and the multiplicities agree. Moreover, sy(A)sy(— A) = 1. We 
recall [2], Lemma 3.1]: 
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Lemma 3.1. Let V e L^^p(M'^; C). For X G R, there is a Cy so that 

< Cv\\\ 



comp 

d 



ld-2 



whenever \X\ is sufficiently large. 

In fact, if supp V C -8(0, a) there is a constant ad = ad.a so that it suffices to take 
|A| > 2Q;rf||l^||oo for such a bound to hold. We note that for A G M, |A| > 2ad||y||oo 
under these same assumptions on V , 

(3.1) \\Sv{X)-I\\<C\\\-\ 

This is relatively easy to see from an explicit representation of the scattering matrix; 
see, for example, the proof of [21 Lemma 3.1]. The constants in the statement of [21 
Lemma 3.1] and in fl3.ip can be chosen to depend only on the dimension, ||V^||oo and 
the support of V. We note that it follows from Lemma [3.11 (13. ip . and (12. 2p that as 
r — )■ oo 

(3.2) r'^x!^dt= r ln\detSv{re'')\de + 0{r''-^). 
Jo t Jo 

Let 



def , 1 + Vl - -2 



2 



(3.3) p{z) = In Vl — z'^, < arg2; < n. 

This is a function which arises in studying the asymptotics of Bessel functions; see 
|13] . To define the square root which appears here, take the branch cut on the negative 
real axis and define p to be a continuous function in {0 < arg^ < tt} U (0, 1) and use 
the principal branches of the logarithm and the square root when z G (0, 1). 
We use some notation of [18]. Set, for < 6* < vr, 



^^•^^ ^'^^^-jd^\l — — 

and set /irf(O) = 0, hdin) = 0. Now set 

def d r 2d f [-Rep] + (£) 

This is the constant Cd which appears in (11. ip . 

We recall the following result of [181 Theorem 5], which we paraphrase to suit our 
setting; [TH Theorem 5] actually covers a much larger class of operators. 

Theorem 3.2. (from [181 Theorem 5]^ Let V G L°°(R'^) be supported in 5(0, a). 
(a) For any 9 G [0,7r], 

(3.6) In \sv{re'^)\ < hd{e)aV + o{r'^) as r ^ oo, 
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and the remainder term depends on V , and is uniform for 0<6<9<tt — 5 for any 

6 G (0,7r). 

(b) For any 5 > , 

In |sy(re^^)| < {hd{e)a'^ + 5)/ + o(/) as r ^ oo 



uniformly in 9 E [0, 



We remark that both of these statements are about "large r" behavior, so that the 
possibihty that sy has a finite number of poles in the upper half plane does not affect 
the validity of the statements. 

It is important to note several things about the bounds in this theorem. One 
is that although Stefanov's theorem is stated only for self-adjoint operators (hence 
V real) it is equally valid when we allow complex- valued potentials. In fact, the 
proof of (a) in [T8l Theorem 5] uses self-adjointness only to obtain a bound on the 
resolvent for A in the upper half plane. A similar bound is true for the operator 
—A + V when V is complex-valued. The proof of (b) uses the fact that for real 
if A G M, In |sy(A)| = 1. For complex-valued V, the proof in [18] of (b) can be 
adapted by using (13. ip and Lemma [STT] to show that for A G M, |A| > 2arf||l^||oo, 
|lnsv/(A)| < C(l + |A|)'^~^ Here C can be chosen to depend only on d, ||^||oo and 
the diameter of the support of V. 

Likewise, the particulars of the operator enter only through the diameter of the 
support of the perturbation (for us, the diameter of the support of V, which is 2a) 
and the aforementioned bound on the resolvent in the good half plane ImA > 0. 
Thus, it is easy to see that the estimates of Theorem 13.21 are uniform in V as long as 
supp V C B{0, a), \\V\\oo < M, and r > 2adM. 

We note that the upper bound (I LI I) on the integrated resonance-counting function 
holds with the constant q defined in (13. 5p even if V is complex-valued. This follows 
from the proof in [18]. In fact, the proof uses the bounds recalled in Theorem 13.21 and 
the identity (12.21) . Together with the bounds in Lemma l3.ll and (13.11) . these prove 
(II. ip . even when V is complex- valued. 

We shall want to understand the function hii{6) better. Note that for < 6 < tt /2, 

hd{7r/2 + e) = hd{7r/2-e). 
This can be seen directly using the definition of and p. 
Lemma 3.3. The function hd{9), defined in ^3. 4^, is on (0,7r). Moreover, 



40 ' (c/_2)!r(l + f)' 

Proof. We note [131 Section 4] that Hep^z) < if < arg^ < vr and \z\ > |2;o(arg^)|, 
where zo{6) is the unique point in C with argument 6 and which lies on the curve 
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given by 



±(s coth s - s^Y^^ + i{s^ - s tanh s)^/^ < s < sq. 



Here Sq is the positive solution of coth s = s. Furthermore, Re p{z) > if 2; is in the 
upper half plane but l^l < |2;o(arg2;)|. Hence, recalling the definition of h^, we have 

4 [-Rep](te^''^ 



-dt. 



Using the definition of p f l3.3p and the following comments, we see that p is in fact a 
smooth function of z with < argz < vr, \z\ > 0. Since |p(z)|/|z| — )■ 1 when \z\ — ?■ 00 
in this region, the integral defining is absolutely convergent. Likewise, since 

d 



de 



we have 



and the integral 



-Re[Sp(te'^)] 



< cr 



ie 



l^oWl 



dt 



converges absolutely. A computation shows that \zq\ is a function of 9 for 9 in 
(0,7r), and lim^^o ^kol is finite. Thus, using that Rep(zo(^)) = and the regularity 
of the derivative of l^oK^); we get 



d_ 



hd{9) 



{d-2)\ 



^d+i 



dt 



which is continuous in 9. Thus hd is on (0,7r), h'^{0+) = 
computation now finishes the proof of the lemma. 



□ 



If d = 3, we can compute that 



9 V ko 



3/2 



where zq(9) is as in the proof of the lemma. We comment that the sin(3^) term is 
missing from the first remark following the statement of [HI Theorem 5]. 

4. Proof of Proposition 11.11 



We can now give the proof of Proposition ll.il which follows by combining Theorem 
12. H Proposition 12. 2[ and [HI Theorem 5]. 

Recall that S'y(A) is the scattering matrix associated with the operator —A + V, 
and sy(A) = det S'\/(A). Then sy has a pole at A if and only if sy has a zero at —A, 
and the multiplicities coincide. Moreover, with at most a finite number of exceptions, 
the poles of sy(A) coincide, with multiplicity, with the zeros of -Ry(A). 
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If sy(A) has poles in the closed upper half plane, it has only finitely many, say 
Ai, Am, where the poles are repeated according to multiphcity. Set 



We check that / satisfies the hypotheses of Proposition 12.21 Note that / and sy(A) 
have the same order and they have the same indicator function for < 6* < vr. We 
know that sy has order at most d by [22l Theorem 7]. Moreover, for any M chosen 
large enough that sy has no zeros or poles bigger than M on the real line, for r > M 
we have 







fit) Jm Sy{t) 

Using (13. ip and Lemma IXTl we see that 

S'y{t) 



yielding 



, .dt = Oir"^ ^) as r -)> oo 

M Sv[t) 



(4.1) / = 0(/^^) as r ^ cx). 

A similar argument gives the same bound for r — )■ — oo. It remains to check the 
hypotheses on the indicator function; this is done in the next paragraph. 

From [m Theorem 5], recalled here in Theorem 13. 2 [ for < < tt and large r, 

r-'^ln|/(re*^)| <a%(^)+o(l) 

where we have some uniformity in 6- see Theorem [321 Thus, using the equation (12.21) 
and (O) 

lim sup r-'^Nyir) = lim sup r"^— [ In \f{re'^)\de <— [ hd{e)dd. 

r— >oo 1 — >oo 27r J Q 2,71 Jq 

But since V e Tla, 



lim r-^Ny{r) = ^ = ^ T hd{e)de 



and we see that we must have 

lim sup r'^'ln |/(re*^)| = a'^hd{9) for almost every 9 E (0, tt). 

r— >oo 

The left hand side of the above equation is the value of the indicator function of / 
at 6. But the indicator function of / is continuous on (0, tt) [HI Section 16, point a, 
page 54], and so is hd{0). Thus we must have 

lim sup r-'^ln |/(re*^)| = a'^/id(^) for 6 € (0,7r). 

r—^oo 
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Applying Proposition 12.21 to /(A), we see that /(A) is a function of completely 
regular growth in the upper half plane. Since hd{6) is a function of for 6' G (0, vr), 
we get the proposition from Theorem 12.11 

5. Proof of Theorem 11.31 

This section proves Theorem 11.31 We begin by outlining the strategy of the proof. 

For < if < 6 < 2tt, recall the notation nv{r,ip,6) for the number of poles of 
-Ry(A) in the sector {z : \z\ < r, ip < argz < 6}. A representative claim of the 
theorem is that with V{z), Q as in the statement of the theorem, < ^ < vr, 



(5.1) / ilj{z)nv(z){r,7T,0 + 7r)dC{z) 



Jo 



2nd 

as r — oo for any ip G Cc(f2). We prove this via the intermediate step of showing 
that fl5.ll) holds for ip which is the characteristic function of any suitable ball in Q, 
Proposition 15. 7[ To get 05. ip for ip G Cc(fi), we cover the support of ip with the union 
of a finite number of small disjoint balls and a set of small volume. On each small 
ball we can approximate ip by its value at the center of the ball and apply Proposition 
15.71 This and the necessary estimates are done in the proof of the theorem which 
ends this section. 

The proof of Proposition 15.71 is done in a number of steps. We set 

Nv{r,p:>,e)= [ hnvit,if,e)-nviO,p:>,e))dt. 
Jo ^ 

Lemma [5.21 gives J^^ Nv{r, it, 6' + 7r)d6' as a sum of two integrals involving In \sv\ and 
an error of order r*^"^. This follows from an application of one-dimensional complex 
analysis, Lemma [3.11 and (13. ip . Next we consider the function 

"^i'^^^p) = uw ^^ [ f Nv^.>){r,TT,9' + 7r)de'dCiz'). 

V0\{B{z,p)) Jz>eB{z,p)Jo 

Notice that here we are averaging over balls of varying center z. Fix p small, and 
consider this as a function of z and r. Lemma [5.21 is used to show that ^ is the sum 
of a function \E'i which is plurisubharmonic in z and a function which is 0{r'^~^). 
The proof of Proposition 15.31 uses a combination of properties of plurisubharmonic 
functions and the fact that r~'^A^y(2/) (r, vr, 9' + vr) is not negative and can be (locally) 
uniformly bounded above for large r to prove an "averaged" in 9 and r version of (15. ip 
for Ip the characteristic function of a ball in Vt satisfying some conditions. Propositions 
15.51 and then 15.71 eliminate the need to average in 9 and r, using Lemma [5. 4[ 

The proofs of the other claims of Theorem 11.31 are quite similar; the proofs of 
Proposition 15.61 and the final proof of the theorem indicate the differences. 
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Now we turn to proving the theorem. We shall need an identity related to both 
( 12. 2p and to what Levin calls a generalized formula of Jensen [HI Chapter 3, section 
2]. We define, following |Tl], for a function / meromorphic in a neighborhood of 
argz = 9 and with |/(0)| = 1, 

(5^2) j;wSr!lLM,, 

io ^ 

This integral is well-defined even if / has a zero or pole with argument 9. 

Lemma 5.1. Let f be holomorphic in if < a.Tgz < 9, |/(0)| = 1, f have no zeros 
with argument (p or 9 and with norm less than r, and let m{r, if, 9) be the number of 
zeros of f in the sector ip < a,Tgz < 9, \z\ < r. Then 

(5.3) 

Proof. Using the argument principle and the Cauchy-Riemann equations just as in 
[TT| Chapter 3, section 2] we see that 

27rm(r', y,, = [ ^ ^rg f{te'^)dt + 1^ In \f{te'')\dt + r' j' In \f{r'en\doo 

when there are no zeros on the boundary of the sector. As in [11], by dividing by 
27rr' and integrating from to r in r' we obtain the lemma. □ 

We note that |si/(0)| = 1, since sy(A)sy(— A) = 1. 

Lemma 5.2. Suppose V e L'^^piR'^). Then for0<9<n 

/ Nvir,7r,9' + n)d9' = — Jl(9)- + — / In Mr e'n\dcod9' + 0{r'-') 
Jo ^ttJo t In Jq Jo 

as r oo. The error can be bounded by c{r'^^^) where the constant depends only on 
||V||oo; the support ofV, and d. 

Proof. Recall that with at most a finite number of exceptions Aq is a pole of -Ry(A) 
if and only if — Aq is a zero of sy(A), and the multiplicities coincide. As in the proof 
of Proposition 11.11 if sv^(A) has poles Ai,...,Am in the closed upper half plane we 
introduce the function 

(A - Ai) ■ ■ ■ (A - Am) 

which is holomorphic in the closed upper half plane. The poles of sy in the closed 
upper half plane correspond to eigenvalues and the number of such poles can be 
bounded by a constant depending on c?, ||^||oo; and the support of V . Note that / 
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has no zeros on the real hne. Moreover, In |/(re*^)| = In |sv/(re*^)| + 0(1) for r — )■ oo, 
< 6 < IT and that sy and / have all but finitely many of the same zeros. 

Choose < M < oo so that sy(A) has no zeros in the upper half plane with norm 
less than or equal to M. This constant M can be chosen to depend only on ||^||oo; 
the support of V, and d. Now by using the relationship between the poles of -Ry(A) 
and the zeros of sy = det Sy, the relationships between / and sy just mentioned, 
and applying Lemma [5. II to / we see that for r > M, < ^' < vr, 

(5.4) NAt, ^) = ^ /; p:. m'i + i £ T £ ^ -8- sAt'WM 

1 r^' 

+ — ln\sy{re"^)\duj + 0{{\nrf) 
2vr Jo 

if / has no zeros with argument 6' and norm not exceeding r. Here we are using that 
/o''^^/(^')f = 0(l)and 

ll ^arg/(t')cit'c^t 

— aTgf{t')dt'dt+J^^- —argf{t')dt'dt+J^ - —^Tgf{t')dt'dt. 

But j;,\f,''^aTgf{t')dt'dt = O(lnr) and J^^' I J^^ arg f{t')dt'dt = 0(1). Addi- 
tionally, for t ^ oo, ^arg/(t) = ^argsv(t) + 0(l/t). These remainders can be 
bounded using constants depending only on ||I^||oo, supp l^, and d. 

Notice that for fixed value of r > M there are only finitely many values of 6' with 
sy having a zero with argument 6' and norm at most r. We integrate (15. 4 p in 6' from 
to ^ and, as in the proof of Jensen's equality, use the fact that both sides of the 
equation below are continuous functions of 6, to get 

+ —/"-/" -^argsy{t')dt'dt + — f [ \n\sv{re''')\dude' + 0{{\nr)'^). 
27r Jm t Jm dt' 27r Jq 

The bounds of Lemma 13.11 and (13.11) mean that as r — )■ oo 

1- r Jl (o)^ = 0(r' 



and 

e 

where the bounds can be made uniform in V with support contained in a fixed 

Tt IO\dt 



f\! ^aTgsy{t')dt'dt = 0{r'-') 
Jm ^ Jm 

De made uniform in V with support 
compact set and ||V^||oo bounded. Moreover, we note that J^ ^ Jsv^^^T ~ ^i^)- '-' 
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We shall need some notation for the results which follow. Let C C^' be an open 
set containing a point zq. For p > small enough that B{zo,p) C we define Qp to 
be the connected component of {2 G : dist(2,f2'^) > p} which contains 2:0- 

Proposition 5.3. Let V, Zq, Q satisfy the assumptions of Theorem M.^ let p > be 
small enough that B{zQ,2p) C Q, and let Qp be as defined above. Then for z G Q2p, 

= — TTT^ / f Nvi.'){r,n,9' + 7r)d9'dC{z') 

yo\{B{z,p)) J,,^B{z,p) Jo 



hd{uj)dude' + o{r'^) 



27r 

as r —)■ 00. 

Proof. First note that since < dNv(z){z^'K ^9 + vr) < Cd.r'^a'^ + o(r'^), and the bound 
is uniform on compact sets of z, we get that holding p fixed, r~'^\E'(«, r, p) is a family 
uniformly continuous in z for z in compact sets of VL2p. 

We shall use Lemma 15.21 Note that by Stefanov's results recalled in Theorem 13. 2[ 
for large r 

where the term o(r^) can be bounded uniformly in z in compact sets of Vtp. Recall 
that this is a statement about large r behavior, and holds even if sy{z) has poles in 
the upper half plane, since it has at most finitely many. By the same argument, for 
large r 

I'd I'd' j-e' 

I I \n\sv{z){re''')\dujde' < h, 
Jo Jo Jo Jo 

Using Lemma 15.21 we find that 



id{uj)dud9'a'^r'^ + o{r''). 



i{z,p) Jo Jo 

Let M = 2arfmax2gj^ ||^(-2)||oo and set, for r > M, 

*'(^-^-'>) = 2. Voir m...^^ ^ fj'-....WT''^^^'^ 



/•e i-e' 

\n\sviz'){re''')\dude'dC,{z') 



1 



2ti Yo\{B{z,p)) J,, ^B(z,p) Jo Jo 
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and note that 

^(2, r, p) = ^1(2, r, p) + 0(r'^"^). 

By the bounds above, 



(5.5) 



Using [TOl Proposition 1.14] and the fact that ln|sv(2)(A)| is a plurisubharmonic 
function of 2; G f2 when |A| > 2ad||l^(2;)||oo and A hes in the upper half plane, we see 
that ^^1(2;, r, p) is a plurisubharmonic function of z G VL2p. Since by Proposition 12.21 
sy(2(,)(A) is of completely regular growth in < argA < vr, using Lemma [5^2] and [TT| 
Chapter III, Sec. 2, Lemma 2], 

\imr-'' [ Nvi.,){r,TT,e' + 7T)de' = ^(^hd{e)+ [ [ hd{uj)diode']a''. 
Jo 27r yrf^ Jo Jo / 

By the most basic property of plurisubharmonic functions, 

1 r df 1 /""' 

v|>,(2o,r,p)>- / J,V(,„)W- + - / / \r.\svi^.,){ren\du:de'. 

-^T^ J M Jo -'0 

But the right hand side of this equation is Nv(zo){r, ^r, 6' + 'K)d6' + 0{r'^~^), so we 
see that 

lim inf r-'^*i(zo,r,p) > ( + / / /id(c^)cic^ci^' ) 

r->oo 27r Jo Jo y 

Combining this with f l5.5p . we find 

(5.6) lim r-'^^i(zo,r,p) = ( :J^/^d(^) + f f hd{uj)dujde'\ a'^. 

r^oo 2tx yd^ Jo io y 

Using this and the upper bound (15. 5p on \E'i, since \&i is plurisubharmonic in z it 
follows from [101 Proposition 1.39] (recalled here in Proposition 12. 3p that for any 
sequence {rj}, rj 00 there is a pluripolar set E <Z Vtp (which may depend on the 
sequence) so that 

lim sup rj'^^i{z,rj,p) = ^ \ ^hd{9) +11 hd{uj)dujde' \ a'^ 
j^oc ^ 2tt yd^ Jo Jo y 

for all z E flp\E. Since limr^oo r~'^{'^i{z, r, p) — ^{z, r, p)) = 0, the same conclusion 
holds for ^ in place of \Efi. 

Suppose there is some zi G Vtp and some sequence Vj — )• 00 so that 

lim rfm{z^,r,,p) < ^ ( ^hd{e) + f f hd{uj)dujde'\ a". 

Zn \a Jo Jo / 



18 T.J. CHRISTIANSEN 

Then, using the uniform continuity of r~''^'^[z,r, p) in z, we find there must be an 
e > so that 



I f I re j-e' 

hm sup r- '^m{z,rj,p) < — -^haie) + / / hdiu)di 



'code' a'^ 



for all z G B{zi, e). But since B{zi^ e) is not contained in a pluripolar set, we have a 
contradiction. Thus 

Jimr-'^v]/(2,r-,p) = i- f + hd{uj)dujde'\ a" 



for all z G Vtp. □ 

The following lemma will be used to remove the need to average in 9 as in Propo- 
sition 15.31 

Lemma 5.4. Let M{r, 9) he a function so that for any fixed positive Tq > Cq, M(ro, 9) 
is a non- decreasing function of 9, and suppose 

lim r-'^ / M{r,9')d9' = a{9) 

for 9i < 9 < 92- Then if a is differentiable at 9, then 

lim r-'^M(r,^) = a'{9). 

r— >oo 

Proof. Let e > 0. Then, since M(r, 9) is non- decreasing in 9, 

M{r, 9')d9' - / M(r, 9')d9' > eM{r, 9) 



which, under rearrangement, yields 

, , . j!!^'M(r,9')d9' - fH M(r,9')d9' 
r-'^M{r,9) < r'^^ — — . 

Thus 



d,... ^,^a{9 + e)-a{9) 



lim sup r M(r, 9) < 

r— >oo 

Likewise, we find 

lim inf r-'^M{r, 9) > 

r—>oo a 

Since both these equalities must hold for all e > 0, the lemma follows from the 
assumption that a is differentiable at 9. □ 



The following proposition follows from Proposition 15. 3[ but is stronger as it does 
not require averaging in the 9' variables. 
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Proposition 5.5. Let V, Zq, VL satisfy the assumptions of Theorem \1.2\ and p > 0, 
Qp be as in Proposition \5.3\. Then for z G ^2p, ^ < < tx , as r oo 



Yo\{B{z,p)) J,,(.B{z,, 



[ Nviz>){r,Ti,e + Ti)dC{z') 

Jz'&B{z,p) 



Proof. This follows from applying Lemmas 15.41 and 13.31 to the results of Proposition 
1531 □ 

Proposition 15.51 does not give results for the counting function for all the resonances 
(note that we cannot have 6 = n). The following fills this gap. 

Proposition 5.6. Let V, zq, Q satisfy the assumptions of Theorem and p > 0, 
flp as in Proposition \5.3\ Then for z e VL2p, as r oo 

.ryl [ Ny^,^{r)dC{z') = ^aV f h,{uj)duj + o{r'). 

Vo\{B{z,p)) J,,^B{z,p) 27r Jo 

Proof. The proof of this is very similar to that of Proposition 15.31 In fact, the main 
difference is the use of (12.21) , which together with Lemma 13.11 and (13. ip gives us by 
handling possible poles in the upper half plane using a method similar to the proof 
of Lemma 15.21 

vuR, / Ny^,,){r)dC{z') = vl/,(z,r,p) +0(/-^) 

Vo\{B{z,p)) J,>^B(z,p} 

where 

"^^^^'^"^^ = TFir^r^^V- [ r \^\sv^z'){re^')\dedC{z'). 

Yo\{B{z,p))27r J,,^B{z,p) Jo 

Using that \E'i is plurisubharmonic in z, the proof now follows just as in Proposition 

[El □ 

The following proposition is much like Propositions 15.51 and 15. 6^ but eliminates the 
average in the r variable. 

Proposition 5.7. Let V, Q, Zq satisfy the conditions of Theorem M.^ and let p, VLp 
he as in Proposition \5.3[ Then for < 9 < n , z E Q2p, 

nviz'){r,iT,9+7r)dCiz') = ^ (]^h',{e) + d j\d{e)de^+o{r'') 



Yo\{B{z,p)) J,>^B{z,p) 

and 



Yo\iBiz,p))J,,^Biz,p) ' ' ' ' Stt 
as r CO. 



nviz'){r)dC{z') = ^a'^r'' I h^dO + o(r'^) 
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Proof. This proof follows from Propositions 15.51 and I5.6[ using, in addition, a result 
like that of |lHl Lemma 1] or Proposition 15.41 □ 

Proof of Theorem \1.3[ Let M = max(l + and for p > small enough that 

B{zo,p) C Q, set flp to be the connected component of {z E Q : dist{z,Q'^) > p} 
which contains Zq. Given e > 0, choose p > such that B{zq, 2p) C Q and so that 



(5.7) 



Vol(supp n (fi \ fi2p)) < 



10Me{cda'^ + 1)' 



Since ip is continuous with compact support, we can find a 5i > 0, 5i < p so that if 



\z-z'\ < 6i, then \iIj{z) -ip{z')\ < 



10e(l+vol suppi/')(a'*Cd+l) 

J of disjoint balls B{zj, ej) so that ej < 6i, Zj C fl2p, and 

vol (supp-f/; \ {u(B{zj, ej)) + vol (u(B{zj, ej) \ suppip) < 

Let IT <ip' <0' < 2tx. Now 
'^{^)nv{z){r, ip\e')dC{z) 



We may find a finite number 



AMe{a<^Cd + 1) ' 



j=l JB{zj,ej) 



supp ii\{\jB(zj ,ej)) 



i^{z)nv{z){r, ip',9')dC{z). 



We will use that the bound f lLip implies that nv{z) < ecda'^r'^ + o(r'^). By our choice 



of B{zj,ej), 



I 



'^{z)ny(^z){r, ip',9')dC{z) 



<-(r'^ + o(/)). 



isuppi)\{UB(zj,ej)) 

By our choice of 6i and the assumption that ej < 5i, we have 

^/ i:{z)nv(z){r,f',9')dC{z)-^ ij{zj)nv(z){r,ip' ,9')dC{i 

j^l J B{zj,ej) -^^ JB{zj,ej) 
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By Proposition if < < vr. 



E 



1 JB{zj,ej) 



'4){zj)nv(z) (r, TT, TT + 9)dC{z) 



XJV^(^,)vol(i?(z„e,))j i-aV (}^h',{9) + d j\d{uj)dJ^+o{r'), 
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and 



V / ^lj{zj)nv(z){r)dC{z) = V ^^(2;j)vol(5(2;j, e^)) 

Again using our choice of 6i, Zj, and e^, we have 
J 



d 

2^" 



a'^r'' / hd{uj)duj+o{r''). 



< 



2e 



Thus we have shown that given e>0, if0<^^<7r 
(5.8) 

ip{z)nv(z){r, 71,6 + TT)dC{z) 



^ j ij{z)dC{z) (^^h'M + dj^ h,{uj)duj 



< er'^ + o(r'^) 



and 
(5.9) 



^lj{z)nviz){r)dC{z) - Cda'^r'^ I ip{z)dC{z) 



< er'' + o(r 



Thus we have proved the first and third statements of the theorem. The second 
statement of the theorem follows from the other two. 

6. Proof of Theorem 11.21 



This proof uses some ideas similar to those used in the proofs of Propositions 15.31 
and 15. 6[ In fact, because the proofs are so similar we shall only give an outline. 

Note that by (12. 2p , (13. ip , and and Lemma 13.11 using an argument similar to the 
proofs of Lemma 15.21 and Proposition 15. 3[ 



where 



Nv(z){r) = ^(z,r) + o(r" 



<i/iz,r) = ^J\n\sviz){re'')\de 



is, for fixed (large) r a plurisubharmonic function oi z & Q <^ fl. Since 



lim sup r-'^^{z,r) <— f hd{e)de 

271" Jo 



and this maximum is achieved at 2; = ^ we get the first part of the Theorem by 
applying [lOl Proposition 1.39], recalled in Proposition 12.31 

To obtain the second part, note that as in the proof of Proposition 15.31 for < < 

vr, 

Nviz){r, vr, 6' + 7r)de' = ^2(^, r, 6) + o(r'^) 
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where 



<i^,{z,r,e) = - y^/U)W7 + ^ I I ^n\sv^.)iren\dcode'. 

Since this is a plurisubharmonic function of z G ^2, d fi, if M is chosen so that 
M > 2arfmax^^^ ll^lloo, a similar argument as in the proof of Proposition 15.31 shows 
that there exists a pluripolar set Eg G Q so that 

27rhm sup r-'^*2(^, r, ^) = a"' \ ^hd{9) + [ [ hd{u)dud9' 

r^oo \d Jo Jo 

for all z & Q \ Eq. Again, we use that this equahty holds when z = zq. Note that 
if the second part of the theorem can be proved for a small 6q, it is proved for all 6 
with 6 > 9q. Thus, it is most interesting for small 9. Choose 6' > sufficiently small 
that hd{e) > eh'^{0+)/2, where we denote lim4o Kie) = h'^iO+). Note that hdi9) > 0. 
Now, if 

lim sup r""^ / Nv{r, tt, tt + e')de' = — -^hd{e) + / / hd{uj)dujd9' 
r^oo Jo Ztt yd Jq Jq j 



4:71 d^ 



then since Nv{r, vr, tt) = 0(1), we must have 



a 



lim sup r-'^Nvir, 7i,7i + 9)> -r-^h'd{0+). 
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